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SOCIAL WELFARE FUNCTION AND
*
SOCIAL INDIFFERENCE CURVES

by

Ken-ichi Inada
Stanford and Tokyo Metropolitan Universities

1.. The purpose of this paper is to clarify the economic implications
of Arrow's impossibility theorem of the welfare function [1], and to
prove another impossibility theorem. As Arrow's theorem is stated in a
very general form, it is applied not only to the economic choice but
also to the political choice. On the other hand, such generality msy
sometimes conceal the direct applicability of the theorem to the prob-
lems in some special fields. At first glance, Arrow's theorem seems to
have no relevance to the choice under a certain market situation. His
theorem concerns the intrinsic inconsistency of social choice. But

as will be seen below, it has a close relationship to the economic
choice under a certain market situation. The social welfare function
is a rule through which the social choice function is constructed from
individuals! choice functions. In Arrow's theorem, the domain of

definition of the social choice function consists of all subsets of

elternatives. In such a case, there is no social welfare function
which satisfies Arrow's conditions 1-5. But, if the domain of defini-

tion of the social choice function contains only some subsets of alter-

natives, there may exist some social welfare functions which have the

*
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desired properties. Arrow's theorem is stated in such a general form
that there may be no meaningful way to restrict the domain of definition
of the choice function. To do so, we should have to rewrite Arrow's
theorem in a more specified form using the terms of traditional economics.
We, therefore, assume that a sociel state can be expressed by a point in
the nonnegative orthant of an n-dimensional space. Generally, a choice
function is defined on a class of some subsets in this orthant. In

Arrovw's case, the cholice functions are defined on a class of all subsets

in this orthant (Fig. 1), and the incon- 1

sistency of a non-trivial welfare function
is shown for such choice functions. But,

if the choice functions are defined on a

class of some limited type of subsets,

then the inconsistency may be removed. Fig. 1
is is our problem. From an economic

view point, the most important and meaningful case may be the case where
the definition domain of the choice functions is restricted to the class
of the budget constraint sets (Fig. 2).
The difference of the definition domain
of the choice functions may entail a .,
different result.;/ It will be shown

that the inconsistency of a non-trivial

w

welfare function remains even if the
Fig. 2

domain of definition of the choice

function is restricted to the class of the budget constraint sets under

the market situation of complete price differential. Such a market




situation means that every individual confronts completely separated
markets from each other and the price of a commodity may be quite
different from one individual to another. Such an impossibility theorem
may be easily or directly suggested by Arrow's theorem through the
analogy to the relation between the existence of the utility index and
the strong axiom of revealed preference.g/ This is why we say that
Arrow's theorem has a close relationship to the economic choice under a
certain market situation.

Now, if the market situation is different from that of complete
price differential, Arrow's theorem cannot suggest directly the possi-
bility of a non-trivial welfare function. Our main purpose in this paper
is to prove an impossibility theorem of the welfare function where every

individual confronts the same market. And this impossibility theorem

may cover the impossibility theorem stated above. In fact, if the
impossibility theorem i1s valid for the more restricted domain of defi-
nition of choice function, it is also valid for the less restricted
domain.

To get the impossibility theorem, we assume that the individual
preference orderings can change freely in a certain sense. We have
impossibility theorems for both above-mentioned market situations under
such an assumption. There arises no difference. But, if the individual
preference orderings are restricted to those of constant marginal
utility of money, the difference due to market situations arises. This
difference may serve as an example of the importance of the introduction
of the market situation into the social choice problem. Summarizing,
the purpose of this paper is to study how the impossibility theorem of
the social welfare function works, if the choice function is restricted

to the demand function.

t



2. We shall use almost the same notation as in [7]. Let the number of
individuals and commodities be m and n, respectively. We assume
that the individual preference ordering is individualistic. The prefer-
ence ordering of each individual is expressed by the functions of
marginal rates of substitution. Let the marginal rate of substitution

of the i-th individual between n-th and J-th commodities be
i,.1
- — =5,(x") .
3 )

Here, xi = (xi, ces xi) is a point in the nonnegative orthant of an
n-dimensional space, and each component expresses the amount of the
commodity consumed by the i-th individual. We assume that sj(xi)

(J=1, ..., n-1) satisfy the integrability condition, i.e.,

i i i b
TR S S B S s G £ x)
= - = - = ” .
Jk Bxi kol axt J kJ
n J n

This assumption assures the consistency of the individual preference

ordering. Further, we assume that matrix
-1y -<i
(sJk) =y
is negative definite. The integrability condition is expressed by the

symmetry of matrix Zi. Let

1

XT (X, oo, xX0) .

Vector x expresses a social state. A social state is expressed as a

point in the nonnegative orthant of an mXn-dimensional space. The




preference ordering of the society among the social states is defined
by the functions of the marginal rates of substitution between the n-th
commodity consumed by the m-th individual and the j-th commodity consumed
by the i-th individual. Now, the welfare function is a rule by which a
preference ordering of the society is constructed from the preference
orderings of individuals. In our case, the preference orderings of
individuals or the society are expressed by the functions of marginal
rates of substitution. We, therefore, can define the social welfare
function as follows: We call a set of functions [wi(x); i=1, ... ,m-1}
a welfare function, by which the marginal rates of substitution of
society are constructed from the functions of the marginal rates of
substitutions of individuals in the following way:

x™

= wl(x) sj(xi) X

ax

sl

The left-hand side expresses the marginal rate of substitution of the
society between the m-th individual's n-th commodity and the i-th
individual's j-th commodity. wi(x) expresses the marginal rate of
substitution of the society between the n-th commodities consumed by

m-th and i-th individuals; i.e.,

™
-2 wi(x) 5

ox

o

n

This shows that if we know the marginal rates of substitution of the
society between the n-th commodity consumed by m-th and that by any

other individual, we can calculate the marginal rates of substitution




between all commodities consumed by all individuals. As is easily seen,
the marginal rate of substitution of the society between the n-th and
J-th commodities consumed by an individual is equal to that of the
individual. We defined the welfare function in a somewhat untraditional
way. But, as was shown in [7], the welfare function of the Bergson-
Samuelson type can be defined in this way.

In the above arguments, the preference orderings of individuals
are assumed to be fixed, and thus w‘(x) (¢=1, ... , m-1) are also
assumed to be fixed. But, if the tastes of individuals change, what
happens? If af(x) (=1, ... , m-1) are fixed for any changing
individual orderings, functions of the marginal rates of the society
defined through wz(x) from s;(xi) may not satisfy the integrability
condition. Or, the consistency of the preference ordering of the
society may be violated. In general, if function forms of w!(x)

(=1, ... , m-1) can change when functions sj(x) change, or w’(x)
are functionals of sj(x), we can find some w‘(x) such that the
functions of the marginal rates of the society defined through w(l)(x)
from sg(xi) satisfy the integrability condition. Then we have a
problem. Can we find some non-functional welfare function? The meaning
of the non-functional welfare function and its relation to Arrow's
condition 3 were discussed in [7]. The non-functional welfare function

is written as follows:
y
w (x) = a}(sl(xl), cee , 8T, x) (£=1, ... , m-1) .

It is shown in [7] that such a welfare function should be trivial, i.e.,

dictatorial for any possible individual orderings.




Now, we know the relationship between the consistency of the pre-
ference ordering and the strong axiam of revealed preference. The
latter is related to economic choice under budget constraint. Our
social welfare function concerns the consistency of preference ordering
of the society.

Analogously to the case of the demand function of a consumer, we
may be able to relate the consistency of preference ordering of the
society to the property of the demand function of the society. Before
moving on to this problem, we reconsider the meaning of functions wl(x).

If a!(x) > 1, this means that the loss of "welfare" due to the
decrease of one marginal unit of the n-th commodity consumed by the m-th
individual is smaller than the gain of "welfare" due to the increase of
one marginal unit of the n-th commodity consumed by the £-th individual.
Thus, the transfer of one marginal unit of the n-th commodity from the
m-th individual to the £-th individual increases the "social welfare."
If w‘(x) <1, the inverse is true. Thue, the optimal distribution of

commodities is achieved when
y /
w(x) =1 for all £,

aside from neglecting the case of corner optima.

We shall consider the following socially optimal distribution of
the total income to the individuals. Here, each individual confronts a
market, separated completely from other markets. Let the price of the

J-th commodity in the i-th market be p;, and total income be I,

(1.1) osl(xl), ..., BG™), x) =1, (£=1, ..., m-1)




i_ 1,1 i,.1
(1.2) = pJ/pn = sJ(x ) (1=1, ... , m; J=1, ... , n-1)
n m
i1
J=1 121
Solutions xj (i=1, ... , m3 J=1, ... , n) can be considered as

i

3 and I, or explicitly

functions of p
i, 1 m
xj(p y cee 5, P, I) .

Here, pi = (Pi, ) Pi)-

Now, function xj(pl, eee , D7, I) 1is a demand function for the
J-th commodity of the i-th individual. The same commodity may have
different prices in different markets. Hence, the same commodities
consumed by different individuals should be treated as different
commodities. We exclude in this paper the case of the corner optimum
from (1.1)-(1.3). Thus, system (1.1)-(1.3) may not have a solution for
some forms of the function sj(xi) and some values of pj and I.
In an extreme case, (1.1)-(1.3) may have no solution for any forms of
the function s?(xi) and any values of p; and I. In such a case,
we may say that the demand functions defined by (1.1)-(1.3) satisfy the
integrability condition in a trivial sense. For, the definition domains
of the demand functions are empty. If we permit such a case, we may
have a welfare function {wl(sl(xl), cee , 50, %) £=1, ... , m-1)
such that system (1.1)-(1.3) gives the demand fuﬁctions satisfying the
strong axiom of revealed preference. But, we confine ourselves to the

case where some solutions of non-corner optima exist for some function




forms of si(xi) and some values of pi and I. Then, there is no

J J
welfare function such that (1.1)-(1.3) gives the demand function satis-
fying the strong axiom of revealed preference for any possible individual
orderings. This can be seen by a more general theorem shown in the
following sections. As was already stated, Arrow's theorem or the
theorem in [7] concerns the choice function where the domain of defini-
tion is not confined to budget constraint sets. But, if the domain of
definition is confined to budget constraint sets under the market
situation of complete price differential, we have the impossibility
theorem, too. The latter theorem is different from Arrow's or the
theorem in [7], but it is directly suggested by them, through the
analogy to the relation between the consistency of the preference
ordering and the strong axiom of revealed preference of the demand

functions. This is why we say that Arrow's theorem has a close relation-

ship to the economic choice under a certain market situation.




3. In the previous section, we stated that Arrow's theorem suggests
directly the impossibility theorem when the choice function is restricted
to the demand functions under the market situation of complete price
differential. But, such a market situation may be peculiar, and if the
market situation is different, how does the impossibility theorem work?
More specifically, if every individual confronts the same price situation,
how does the impossibility theorem work? We call this market situation

e perfectly competitive market. That is, pj = p§ = ses = p’; (3=1,...,n)
should always hold in system (1.1)-(1.3). Such a market situation may

be another extreme case. But, as is easily seen, the domain of definition
of the choice function becomes narrower in this case than the case of

the market situation of complete price differential. Thus, if we can
prove the impossibility theorem for this case, 1t is also valid for the
other extreme case. If we consider the preference ordering of a family -
the society of minimum size - it may be natural to assume that every
individual confronts the same price situation. In fact, the problem of

" the consistency of the preference ordering of a family may be one of the
most important cases of the social choice problem. Moreover, we can get
the impossibility theorem for the following intermediate market situation
from this theorem: All individuals are divided into some groups, and

every member of the same group confronts the same market. Now, we shall

formulate our problem.

(2.1) wls(xly, oo, ®G™), x) =1,  (£=1, ... , m-1)
(2.2) nJ = pd/pn = sj‘(xi) s (1=, .o. , m3 J3=1, ... , n-1)
10




n m i
(2.3) 2 X pyxy=1I
371 1=1
Qi
(2.4) > Xy = X, (3=1, ..., n) .
i=1

The solution of this problem expresses the optimal distribution of
commodities among individuals subject to budget constraint under the
perfectly competitive market situation. The total demand function for
the j-th commodity is

i
XJ(Pl’ cee s P I) = 123 xj(pl’ ser 5 Py 1) (3=1, ... , n).
In this case, the same commodity has the same price for every 1nd1v1<}pal
and should be treated as such. If w‘(sl(xl), eer , ST(x™), x),
(2=1, ... , m=1) are given arbitrarily, demand functions xJ(pl,...,pn,I)
(J=1, ... , n) may not satisfy the strong axiom of revealed preference.

Then, is there any welfare function such that the above system gives the

demand functions satisfying the strong axiom of revealed preference for

any possible individual orderings? Here, we see some conspicuous

difference from Arrow's case. In Arrow's case, or in its economic
version, the ordering relation of the society is defined in an mXn-
dimensional space, but in the above case, a social ordering relation is
defined in an n-dimensional space. That is, the social ordering
relation is defined only on the aggregated alternatives.

Now, we shall consider the meaning of system (2.1)-(2.4). If total
demand functions xd(pl, vee 5 Py I) satisfy the strong axiom of

revealed preference, we have some index W(xl, cee xn) such that

11




xJ(pl, cee s Py I) are the solutions of the following maximizing

problem:
Max v(xl, cee y xn)

subject to

fé
. p, x, =1,
Pt I

W(x ) eee 3 X ) defines the social indifference curves. Thus, our
1 n

problem can be stated in another way. Is there any non-functional

welfare function such that the social indifference curves always exist

for any possible individual preference orderings? As was shown in [8],

the social indifference curves exist if a welfare function of the
Bergson-Samuelson type is given. In this case, the tastes of individuals
are fixed and thus the welfare function [w!(x); =1, ... , m-1} 1is also
fixed. In our case, the tastes of individuals change freely. Our purpose
is to show that any fixed welfare function (wz(x); =1, ..., m-1}, or
more generally, any non-functional welfare function (w‘(sl(xll .o .,sm(xm):x)i
£=1, ... , m-1}, will not give the social indifference curves for some
preference orderings of individuals. This is another impossibility

theorem for the social welfare function. yx, e

LS {Ki-:n,}

b,
N

We may be able to interpret s

(2,1)-(2.4) 1in another way. From
(2.2) and (2.4), we have the "contract”

curve” in the "Edgeworth Box" (Fig. 3).

A point on this curve represents a 2

Pareto optimal distribution of total Fig. 3

amounts of all commodities. (2.1) is

12
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the rule for picking up the most favorable point for the society on the
"contract” curve. The slope of the indifference curves of individuals
at this optimal point is ﬂJ = pJ/pn. The marginal rate of substitution
of the soclety between n-th and j-th commodities at point (xl, cee xn)

is equal to =n,. We may consider the inverse functions of the demand

J
functions. Then, ﬂJ can be considered as a function of Xyp eoe y Xo»
nJ(xl, ces xn) may or may not satisfy the integrability condition.

Thus, our problem may be stated in this way: Is there any non-functional

welfare function such that nd(xl, ooo I xn) (3=1, ... , n) satisfy the

integrability condition for any possible individual preference orderings?

We shall state one more economic interpretation of our system: ILet

the i-th individual's demand function be

M) (3=1, ... , n) .

i
xd(ﬂl, cee g ﬂn-l’ 4

Here, Mi is the income of the i-th individual in terms of the n-th
commodity; that is, these funptions are derived by solving the following

system:

n, = s;(xi) , J=1, ... , n-1

This system shows the maximizing "utility" of the i-th individual under
the budget constraint. If the function forms of sz(xi) are given,
the function forms of the demand functions are determined. Then,

system (2.1)-(2.4) can be written as

(2.1)r  olx, ..., x, xX(x, M), eee, X(x, M) =1, (£<1,...,m-1)

13




—

Y

m
(2.2)* 12)1 M, = M(=1/p ),
= 4
(2.3)! 1=21 xJ(rt, M) = x, (3=1, ... , n) .

Here, 7 and M are parameters and Mi(1=l’ ees 5 m) and xJ(J=1, ees yn)
are unknown. We introduced new unknown variables M1 and eliminated

unknown variables x;. The economic meaning of system (2.1)f-(2.3)! is

easily explained; that is, the solution M, of this system expresses

i
the socially optimal distribution of income to the i-th individual.
Thus, our welfare function u)‘c can be interpreted as the rule by which
the optimal distribution of income among individuals is determined, if
the demand structures of all individuals is known. We shall discuss the
economic interpretation of our problem in more detaill below.

We often used the term "any possible individual preference

orderings." Here, we must explain the meaning of this term. We shall
J

define the domain of the individual preference orderings as follows:
1
J

o< NJ and L,j < o, One restriction is that matrix zi is symmetric

and negative definite. Otherwise the elements of 21 can change

s xi) can take any value in an open interval <NJ’ L,j) such that

freely for fixed values of x'j and s;(xi). We don't 1limit the value

sl
2
%,

freedom, we have the following two properties which will be used below.

of brovided Ei is symmetric and negative definite. From this

One is that every element of 51,

dsl dst

— oGl _d_

NE skaxi Sk ’ (32x),
n




[o%
[+
[

can change freely in & certain interval. Another is that g-% can also
>4
change freely in a certain interval. For n
i i
Js Os
—d _gt_d_3t
N i k bxi Jk
*x n
=1 st
of 2: can keep the same value by adjusting the value of —i% even if
asi ) axl(
——% changes.
o)
*n

We may say that the freedom of taste of individuals is expressed in
two ways. One is the freedom to select the value of the marginal rate
of substitution, and another is the freedom to select the value of the
change rate of the marginal rate of substitution.

For the explanation of the meaning of this freedom, we shall cite
two classes of preference orderings which do not satisfy the above-
mentioned conditions. |

One is the class of the constant marginal utility of money. We
have no cardinal utility, so we must interpret the constancy of the
marginal utility of money in some way. We follow the method of Hicks [5].

As was shown in [7],

dst
—d_0.
x>
n
st
Thus, in this class of preference orderings, the value of S—% has no
>4
n

freedom to change.
Another class is that of homogeneocus preference orderings. In this

case

§4s
o
LARA
:

i
[




AR
YTy Fay'

Thus, in this class, can take any value in a certain interval,

but, at the same time, the elements of ii should change, except in the
case where xj and sj have sgfe special relations.

As is easily seen, matrix ‘Ei expresses the curvatures of the
indifference surface at a point. The above mentioned freedom may be
stated as follows. The slope of the indifference surface at a point can
take any values in a certain interval
(Fig. 4), the curvature at the point
can take any values for a fixed slope,
provided the indifference curve is

convex (Fig. 5), and the change rate

of the slope in one direction can

v

take any values in a certain limit

Fig. 4

for a fixed slope, independently of

the value of the curvature (Fig. 6).

Y

Fig. 5 Fig. 6
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L.

We are concerned with non-functional welfare function

{wz(sl(xl),...,sm(xm),x) 3 8 =l,...,m-l} .3 But 1n system (2.1)-(2-4),

we always have

ny = s%(xl) = ve. = s?(xm), (J=1,...,n-1) ;

that is, our welfare function needs to be defined only for such values of

i, i
sj(x ).

Thus, we may consider only the existence of functions of the

following type:

£
w (n,x), (£=1,...,m-1) .

System (2.1)-(2.4) can be written as follows:

(3.1)
(3.2)

- (3.3)

(3.4)

£
win,x) =1, (g=1,...,m-1) ,

ny = sz(xi), (i=1,...,m; j=1l,...,n-1) ,

ﬁl %lnjx; S M= 1/p,), (my=1)

i
i§1 Xy = %, (J=1,.:.,n)

As 1s easily seen, x (j=1,...,n) are functions of xn and M. Here,

J

we assume the differentiability of wi(n,x) with respect to every

variable.

get
(%.1)

(4.2)

(4.3)

Differentiating (3.1)-(3.4) with respect to m, and M, we

aml n m 3o At

+ S e
3;; gl i=1 5x3 B;i
n dst axt
-t
By = s B, =1 if § =
Jk tZi axt 3;; Jk
=0 ifj#ékx ,
R N
+ n =0 ,
i=1 "x 1=1 j=1 9 9%
17




i=1 Tk k
n m £ axi
(5 l) éﬂr ——J-= 0 3
J=1 i=1 axJ oM
3 3t 3d
(5.2) 0 = L
t):‘l ;11 r Tl
X
i
% % Bx%
(5.3) m, =1,
izl g=1 ¢ &J‘
, % Oxt dx
5.4) = .
1o M M

From (h.i) and (5-1): (i = 1,2,3:h):

(6.2) 8k = tznl :—:%—(;;% + X ;:—)
(6.3) 0 = iil J)Z:l nj(;:%+ X )
Or, in matrix form, ]

18




[ o ...o.
o £ ...o0
X . - .
[A) [ox | = ) s
3 0O o . =
SR I
n n n
I I . I
Here, N i
) . Os
2, de(h,
X Ox
n
_ au i aw’g
= (axi) P) wn = (§):
J n
and
[
h!
2
fn-ll
= _ —m
X = ):(ll
ém
n-11
;l
:nl
| X
1 oxt ax‘jj'
H
ere, X = = + xS

19




o)
Now, 5% should be symmetric and negative-definite for xJ(nl,...,nn_l,M)

to satisfy the strong axiom of revealed preference. From this,
Al o
and
1 i 1
= o . O 2 s o G . 0 4
. ‘.m . ", ..m 3
0 £ o0 o ;J 0 £ o0 o azk
1 m W 1 m w
(7) wl-.. wm wn-.. wn ﬁj = wl--o wln Vn-. Wn aﬂk
M eee ¢ l1...1 0 T see X 1 ...1 0]
t t ' L) [
zk..zk 0 ... 0 0 ZJ.. zJ 0 0] 0]
Here, £ is the j-th column of the unit matrix, and g% is the j-th

J 3

column of matrix 3; 5

After some manipulations on the determinants on both sides of (7),

— =
Z%' 0] fJ oh.. 0 Zl.. 0 fk Op e o)
. ‘m * P ) ‘m
0 = i, o o 0 % 0 o
. ' . _ ' .
(8) Ek ...Ek o) 0 ...0 13 . .EJ c . 0..,.0
o ...0 o 1l ...1 0] .0 0] 1 ...1
= Ow 1 m = Aw 1
L e LE
J k
Here, o
E:L:Zi-O'iﬂ and V—li=wi-win .
n n
i
As “j = SJ 9 asi asi
=1 3 i J =i
p2! =(ai-sk a—i-)= s,jk)
* *n
E? 1s symmetric and negative-definite.
If W =0 and g% = 0, (8) reduces to

20




M
o

: 4 . 4
o ° T TP I AT N I K T ol
1 mij = 1 m
wn---wn wn...wn
1 L L
g oee- 4 O | £3...4} O

As EF is symmetric, this relation always holds. Our target is to show

that the converse is also true for relation (8) to hold for any possible
individual preference orderings.

We consider each side of (8) as a polynomial of the elements

';i
Jk
elements can change freely in a certain interval without violating the

(3 >k) of 7 and the elements of ai. As was mentioned, these

symmetry and the negative definiteness of matrix 1. Then relation (8).
should hold as an identity. This means that the coefficients of the same °

terms on both sides should be equal.

* 1 =1 -1 - -2 -
Consider the coefficients of On1? Sop *** Sp_in-1 811° 8% 1n-1°"""

-m =

£33 """ %p-in-1 ©°B both sides of (8) for J =1 and k = 2. Here,

1
%n1

.is the first element of og and s is the j-th diagonal element of

1

JJ
To calculate the coefficients, delete the row and column where each
element of cil,'gzz,... is located, and put the other elements of cﬂ

and E? equal to zero. Then

0 0 0... 0 1 o} 0 ... 0 10 i ...1
0 = 0 0 1...1]=1]o0 o} 1 ...1 |= Sw 1
a_ﬂ- wn se W
w Ow W2 W0 = Ow A 2
3 351 n"*" "n 1 3;é Y ot

Here, Wi is the first column of ﬁl o

1 =1 =1
Next, consider the coefficients of o ] 333 00GQ sn-ln-l 000
s s
11 """ "n-ln-1 °
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(0] 0 0... O (0] 0 1l
1 0o o..of_]r o o
0 0 l... 1 (0] 0 (o]
= Qw 2 m = = o))
wJQ. omy V't ¥n w}. w; 3;2

(9]
By similar reasoning, we get that vector g%-
J

1...1
dependent on m - 1 columns of <wl Hm) irf
ntYn

m -1 columns.

Next, consider the coefficients of El
Y s
11 °°° “p-ln-l °
0 1...1 1 0 0 -« O
g% wi ...wi i o) 0 1... 1|7
=l Ow W2 O
2 On. n """ "n

1

’ =1
Consider the coefficients of ol s

n2 33... Sn-ln-l e

O0... O

0... o

1...1

l...1

0
= = 2 m
w;' wn. ..wn

o

is linearly

wi is included in those

1 =1

11 “n2 %33 **° Sp-1n-1

0 0]

0 0
= Sw
L

=1

0] 1 ...1 o) 0 1 0 ...0 0 @)
wowe BT o 1 o o...o |7 l1 o
1 n n
0 0] 0 1...1 0 0
= =1 Oow 2 m = =
1 Y2 3 Yntn A
- . 0
aw 5
By similar reasoning, we get that vector on or
I 1

dependent on m - 1 columns of

0
those m - 1 columns. 'Thus, we get that g!—
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b1

=1

0 ... 0
1 ...1 |=©
2 m
w ees W
n n
"=—m —m
811°** ®n-1n-1
o} 0...0
0 0...0 |
0 1...1
ow 2 wm
an Wn-..

2

ow
©
Wj is linearly

s not included in

0]

ﬁi is linearly




l1...1

dependent on any m - 1 columns of m) "
W_.e..W
1 1
If wi §joDog wﬁ are linegrly depgndent, every m x m determinant
=, 1
constructed by m vectors of wi ’ = and wJ should vanish.
Cd nJ n
Then
= 1
z:l o L 0
‘' m

ll
Can
U
ot
el
o]

4]

n
O ...O l ...l

e L

For the Lapléce expansion of this determinant, according to the last m

rows, shows the result. Thus,

1 ok
1 m £O .
- w .« W
n n
Then,
. 0 , 01 .
(9) _ T.T'j =0 and g:— =0 (1L =1...,m3 § =1,...,n-1) .
;| 9=,

This is the desired resulf. As is easily seen, these relations of

derivatives of wi(n,x) should hold at the point where
Y/
w(n,x) =1 (£=1,...,m-1) .

Now if system (3.1)-(3.4) has a solution such that x > O for some values

of =

J
hold at point (n,x). From the differentiability of wz with resﬁect to

and M, and some function forms of sé(xi), relation (9) should
n and X, we may assume that system (3.1)-(3.4) has a solution for any

values of n belonging to a certain interval and some values of M

and some function forms of sé(xi).
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Consider relations (3.1) and (3.3):

(3-3) g g “ij =M,
(3.1) wz(n,x) =1

From these relations, we can solve xi (1 =1,...,m) as functions in
i

other variables nJ and x'j (3 # n). As is easily seen, the Jacobian
is
1 ... 1
£0
1 m
) e W
n
Differentiating (3.3) and (3.1) with respect to xg, we get
% axi
n, + —— =0 ,
J
‘ i
al+% aml Ax o
axk 171 axt ax®
J J
As . . . * ) &
duw? . dut 9
==L -~ -0,
axk Ik
J
we get 1
E an
n, + —=O,
o K
J
awl %awz ax:;
M, —g+) — —==0 .
J dax. 1=l ot
n n J
Then
[ N k
1 505 1 an/:ax'j 'T
1 1 1 m kN k
Ow [axn ces Ow [?xn axn/.axJ + =0 .

: ' m : k
3/ L Al Ly | [/

S —_— —




As
1 00C 1
l1 ... 1
awl(axi aw%/axg = £0,
: : W ees W
awm-l/axi me-l/a m
we get
ale
g}? =0 , (k#£1)
J
Bxk
-—n = = .
8x§ J

n
From this, z P18 should be a constant which depends on n and M.

!
-1 9

if x§ satisfy relations (3.1) and (3.3).

Put this constant ¢i(n,M) then

Y k= B, (xM)
n,X, = (J'(,M
B T AN

or

chbM::
-]

i
" = A § "55)

Thus, relations (3.1) and (3.3) are equivalent to Z Z njx; = M, and
14

¥ i £ 1 m
§“3x3/¢z(“’ %% 1yXy) =T (?j: “JXJ""’§ myxy) =1

This means that if there exist a non-trivial and non-functional welfare
function, then there should exist an equivalent welfare function such
that whether some income distribution is optimal or not is judged only

by the magnitude of every individual's income and prices of all commodities.
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That is, such an income distribution rule does not need the demand
structure of every individual in detail to determine the socially optimal
distribution. Or, the function form of each xj(x,Mi) is not needed,

n
but only the value of 2 Kjxg =M, and x is needed.

Now consider the welfare fuqetion, Ez(x,x). Then, repeating the

same procedure as for a&(x,x) we get

—£ ~=2 —4
w W

¥-=O and a—'i'-xjg—:l'=0,
J xJ x

and

BE?/Bxi cee aE?/sz F O,

at a point where

J
Now
—£ m
(10) Lt (p, + 1] - 0
&; b;"x P o pmigl"x)

at a point where

Here,




o

From (10), we get

y; S .1 _
(11) X, =By * Ppy (121 x) (£=1, ..., m-1) .
Then

S =S g e (S A0S A
X, = .
P - e RN e

Two cases should be considered.

m-1
(i) l'iélpim=o'
m-1
(11) 1- 1§1 By # O -
In case (1), we get
. m-1
xk = -igl pik ’ (k=l, cee o n-l) .

Here, bik depends only on the values of = and M. This shows that
the values of xi (k=1, ... , n-1) are determined independently from

the taste of m-th individual. On the other hand, system
[ ]

(12.1) M, = bl(u, M) , =1, ... , m-1
m-1
(12.2) M =M -gl pl(x, M)

expresses an income distribution rule and the values of Mi(i=l,...,m)
are determined by this rule uniquely for given values of = and M.
The optimal commodity allocation to m-th individual is determined

as the solution of the following system!
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n
m—
JZ; xjxj = Mm o

me m
n, = sJ(x ) J=1, ... , n-1.
As is easily seen, the solution of this system depends on the function

forms of s?(xm). In fact, every set of positive values of xm which

J
satisfies the budget constraint can be the solution of this system for
some suitable function forms of s?(xm). For, from the freedom of
individual preference orderings, the value of s?(xm) at an arbitrary

point can be taken equal to =x Thus, we reach a contradiction:

ko
According to this income distribution rule, the values of xﬁ should be

determined independently of the preference of the m-th individual on the

one hand, and the values of the same variables should be determined
dependently of the preference of the m-th individual on the other hand.

In case (ii),
(13) ko (T g+ R/ - T gy
= + -
= rEi S 1o M
Then, from (11) and (13),

(14) 2

6 g, 0SB T 8]
+ + 1l -
T TP L Pix X% & Tim

£, m
() , £=1,...m1; k=1,...,n-1.

Here, ¢£k and ¢£M depend only on the values of x and M . This
shows that the value of xﬁ has a unique linear relationship to the value
of xﬁ .

Now, xi should be an optimal commodity allocation to the m-th
individual. Thus,
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E m
n,X, = M »
g ddom
m, m
ny = SJ(XJ)’ J=1,...,n-1.
Here, M 1is determined as the solution of system (12). The values

of xX© depend on the function forms of s?(x?). If X are determined,

J J
the values of xf are uniquely determined independently from the pref-
erence of the £-th individual. On the other hand, the optimal commodity

allocation to the £-th individual should satisfy relations

ny = sj(x‘e), J=1,...,n=1 .
The solution of this system depends on the function forms of sj(xz) 3
In this case, according to this income distribution rule, the optimal
commodity allocation to the £-th individual (£ # m) should be determined

dependently by the preference of the m-th individual, but not dependently
by his own preference on the one hand, and it should be determined
dependently on his own preference on the other hand. Thus, we reach a
contradiction. Therefore, Gz(n,x) cannot give the consistent demand
functions for some function forms of s?(xi). Hence, there exists no
non-trivial and non-functional welfare function which gives consistent
demand functions for any possible individual preference orderings.

We have confined ourselves to the case where the optimal social state

is achieved at some internal point for some values of sz(xi) and pJ

and I. If we consider the case where the optimal social state is always

achieved at some corner point for every possible value of sz(xi) and
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P, and I, we can find some welfare function. In [7], we get only

possible welfdare functions for the individual case, such as

£, 1, 1 m, m
W (s (x )yeeeys (x )yx) =0 (£ =1,...,m-1) .
In this case,
1 .1
1 m =0 and A=0.
Woo... W
n ' n

We have no solutions for system (2.1)-(2.4). In such a case, the optimal
social state can be achieved if all commodities are totally allocated to
the m-th individual. Thus, our impossibility theorem does not deny the
existence of such a welfare function. The imposed or dictatorial welfare
function in Arrow's theorem can be consldered in such a way that the

optimum social distribution is always achieved at the corner.
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5. We can give another interpretation of our impossibility theorem.

In Section 3 we gave an economic interpretation of our problem in terms of
the optimal distribution of income among individuals. Our non-functional
welfare function is interpreted as the rule of the determination of the

income distribution.
£ 1 m
w (nl,...,n,x (n,Ml),...,x (n,Mm)) =1 (£=1,...,m=-1)

expresses the rule; that is, 1f =x and the total income M are given,
the aboﬁe equations determine the optimal income distribution. We stated
that this rule determines the optimal income distribution if the demand
structures of all individuals are given. But here we need not know the

whole or complete structures of the demand functions of all individuals.

That is, if we can know only the income-consumption functions xi(n,Mi)
of all individuals under the prevailing price n, (2.1) and (2.2) can
determine the optimal income distribution. This income dis;ribution rule
does not need the demand structures of individuals under other price

constellations. Thus, our non-functional welfare function can be

interpreted as the rule of income distribution if we only know the
income-consumption functions of individuals under the prevailing price
constellation. Our impossibility theorem assures that the total demand
functions derived from such income distribution rule do not satisfy the
strong axiom of revealed preference for some demand functions of individuals,
if the demand functions of all individuals can change freely.

The freedom of tastes of individuals can be expressed in terms of demand
functions. Corresponding to the freedom to select the marginal rate of
substitution, the demand functions can take any values at any price

constellations in the interval described in Section 3 &and any positive
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values of income. Corresponding to the symmetry and the negative-
= i

definiteness of matrix z , matrix [gﬁh] should be symmetric and

i

negative-definite. Here,

3yt 1
ox ox

[ ] [&A.P 3—J_M] (3 =1,...,n-1; k = 1,...,n-1).
K

i
In fact, [25;] is the inverse of z

As a special case for this theorem, we get the following corollary.

We consider the income distribution rule which does not take into -
account the demand structures of individuals. Such a rule can be expressed
as follows:

2
W (!’I,Ml,...,Mm) =1, (&= 1,...,m-1).

This type of rule can be considered as a special case of the above-
discussed rule,

wz(n,u..,n, xl(n,Ml),...,xm(n,Mm)) =1 (£=1,...,m=1).
As already shown in Section 4, such a distribution rule may violate the
integrability condition for some individual preference orderings. In fact,
we proved the general impossibility theorem by reducing the impossibility
of this special distribution rule. Or, we may say in a converse way that
even if the income distribution rule is generalized so as to take into
account the income-consumption structure of every individual, the demand
function of society derived from it may violate the strong axiom of
revealed preference for some individual orderings.

The income distribution rule,which takes into account not only the
income-consumption structure but also the price-consumption structure of
every individual, is nothing but the functional welfare function. Of
course, we can find an income distribution rule such that the demand functions
derived from this rule satisfy the strong axiom of revealed preference for

any individual orderings.
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6. In this section we shall study the case where the marginal utility
of money is constant. We shall interpret the constant marginal utility

of money in Hicks's sense [5]. In this case, by a simple calculation,

ZE_ Gt @
E}. is symmetric and negative-definite. Hence, %ﬁ 1s also symmetric
and negative-definite. Thus, any welfare function can give the demand
function satisfying the strong axiom of revealed preference. It 1s shown

in[7] that the only possible welfare function is

wz(sl(xl),...,sm(xm),x) =k, ; £=l,...,m-1,

if the definition domain of the choice function consists of all subsets.
As 1s easily seen, |A| = O for such a welfare function.

This difference 1s caused by the difference of the domains of
definition of the choice functions.

Moreover, it is impossible to find a welfare function such that
system (1.1)-(1.3) gives the demand functions satisfying the strong
axiom of revealed preference, even 1f the individual preference orderings
are restricted to those of constant marginal utllity of money. The proof
will be omitted.

Thus, we see that the impossibility theorem depends on the market

situation assumed.
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L]
7. In this section, we shall consider the case of"homogeneous utility."

We can find a non-functional welfare function such that the demand functions

satisfy the strong axiom of révealed preference for any possible individual

preference orderings of homogeneous utility. The rule of "a shibboleth,"

called so by Samuelson [8], or the income distribution rule of constant

relative share, is such a welfare function. This can be seen as follows.
Consider the following welfare function:

y) n
wiajl‘jj (Zn

Here, the «,'s are non-negative constants.

£
Let
m-1
B, =9 (2 a+l) >0 ,
i=1
Bp=l/ (2 o+1)>0
Then
1
B, =1
i=1 1
Put
% 2
n,x, =M (£ =1, »m)
= A
Then wz =1 1s equivalent to Mz = BEM . This means that our welfare

function expresses the rule of income distribution of constant relative

share. In case of "homogeneous utility,"
£ £
xJ(n,MZ) = aJ(n)ME

Thus,
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From this, matrix 2
¢ o8 )
A" = [ o+ 8y 8y
k
is symmatric and negative-definite.

As is easily seen, matrix
m m
£ £ £
Vel Pygl e el 2 B

is also symmetric and negative-definite.

Next, consider the total demand functions xa(n,M).

2 xs(mM,) (M, = B, M)

X (ﬂ:M)
J £=1

m
£
B, a, M
151 £

From this,
ox ox m da’t m m
J L L
3—‘1+ 5 = [ 53—i+( Ba)( ) B, al)IM
T koM 321 £ Omy zzl £ 121 £ 3

Our target is to show that matrix

8,

dat m m
y) p)
B, 3% + (lzlﬁz aJ)(IZle aJ)]

™Ms

p=1

1

is symmetric and negative-definite. Now, as

£
:i‘l-pa‘ea‘z:
T K

+

a? of
J 'k’

S AL

A
w

w
\n




From this, @ 1is symmetric.

dnt
1 - J Y/ £
£t = %%2‘; By o §J§k+£§ (% BlaJ )(gazak)gdgk =

da’ ) »
=§§§ B byt * {% B,(§ ey 8,0} .
Here,
gu 22
fn-1
Now,

522 )} s) 43 att,)°

This can be seen as follows: The following inequality (Schwarz) is well-

known:
( ) < (T &)(In?
pens @ D
Put
gg.—./g; and n£=/6—zzazg
J 37
Then
2 2{T g7 ot & )°
03 Eny {%Bzg J }
£ 2
§§g=zﬁj_l and §Hi=ész(§ aj §J)
Thus, aql .
§'¢g§§§);sga;iﬁjﬁk*‘%m(%afd)
aal




This shows that @ 1is negative-definite.

The above result was obtained by Eisenberg [3] through another
channel. Instead of a locally defined welfare function, the following
Bergson-Samuelson type welfare function is treated in [3]:

m

m B
VO, =TT P () Bp=1)
£2=1 £=1

Here, ug(xz) expresses the homogeneous utility index of the i-th
individual. But this welfare function reduces to a "shibboleth" income

distribution rule. This can be seen as follows:

Put
1
¥(x,..,xX) = C .
Then -
£, £ m;, m n o_
Bu /u” + B o 7 =0
Here,
of - du?
n= Bxi
n
Thus,
ox™ Bu‘e/u‘e
___n _ wz(x) 4 n
g = - m, m
Ax B u /u
n m n

On the other hand, from the homogeneity of u'z 3

J
Here,
-
3 ij .
Thus,
n
u? uﬁ = Jz uj/uﬁ xj -
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=1
For,
a"fx £ L o)
--—£=SJ(X)=—£L.
axJ u
In our case,
N, = sz(xz) .
J J

Hence,
n
L, 2 2
uful = § o, x
nT o9 9

Thus, the income distribution rule is

n B
o -« 2 n ‘fn//( §:ﬂ Xz) =1 (o, = —i ) -

This is a "shibboleth income distribution rule.”

It is shown in [8] that if a social welfare function of the Bergson-
Samuelson type is given, there exist social indifference curves. As is
easily seen,the theorem about the existence of the social utility index
in [3] is only a special case of Samuelson's theorem in [8]. If the
welfare function of special type (11) did not have some economically
meaningful characters, the theorem in [3] might be trivial. But, as was
shown above, welfare function (11) expresses the income distribution rule
of constant relative share. As 1s mentioned in [8], it is generally
incompatible with the maximization of a social welfare function. But if
individual orderings are restricted to the homogeneous ones, a "shibboleth"
income distribution rule is compatible with the maximization of social
welfare.

It is shown in [1] that if individual preference orderings are

restricted to the single peaked ones, the simple majority decision rule
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satisfies Arrow's five conditions. This theorem shows that i1if individual
preference orderings are restricted to the ones of some special prop-
erties, we may be able to find a social decision rule which satisfies
Arrovw's five conditions. The results in the previous section and in

this section show that the same is true for our formulation.

Footnotes

1. If the definition domain is the class of all subsets, the weak axiom
of revealed preference is equivalent to the strong axiom. This is shown
by Arrow in [2]. But if the definition domain is of the class of budget
constraint sets, the weak axiom cannot imply the strong axiom. This is

shown by Gale in [4].
2. For this relation, see [6].

3. We assume in the following that m>1 and n>2. If m=1, we
have no social choice problem. If n =2, we have no problem of
integrability condition. Thus, if the number of commodities is two, any
welfare function has the desired property. In Arrow's case, the

impossibility theorem holds for more than one commodity world. This is

stated as a corollary (Possibility Theorem for Individualistic Assumptions),

P.-63 in [1]. This difference is caused by the fact that our social choice

function is defined on the sets in an n-dimensional space and Arrow's social

choice function is defined on the sets in an m x n-dimensional space.
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